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The connection between the nonrelativistic (Wolfenstein-Ashkin) and the relativistic (Goldberger-Grisaru-
MacDonald-Wong) amplitudes of the nucleon-nucleon scattering is obtained using a two-component form 
of the latter. This connection involves simple functions of E and cos0. It is then possible to translate the 
analysis of scattering and polarization experiments in terms of one set of amplitudes into the other. 

THE most general form of the scattering amplitude 
is expressed as a linear combination of well-

defined spinor basis functions invariant under rotations 
or Lorentz transformations, respectively, multiplied 
with scalar coefficients which contain the dynamics. 
Because both the nonrelativistic and the relativistic 
form of the scattering amplitude has been used exten
sively in the analysis of nucleon-nucleon scattering and 
polarization experiments it is of interest to give explicitly 
their connection. It is then possible to translate one 
type of analysis into another. 

Under the invariance with respect to three-dimen
sional rotations, parity and time-reversal transforma
tions the most general form of the baryon-baryon scat
tering amplitude is given by1 

R—A+B(ain+(r2n)+C(ain<T2n—l)+D(crin'-(r2n) 
"\-E<riK^2KJrF(Tip(T%p, (1) 

where 
=ov*i, (TiR* = crrK, <J%P"> = crrP, 

with 
n=q'Xq, K*=q'~q, P-nXK. 

Here q' and q are the center-of-mass momenta in the 
final and initial states, respectively, and the coefficients 
A to F are functions of energy and scattering angle 
which are invariant under rotations but not under 
Lorentz transformations. The term D (<rin—<r2n) drops 
out for identical particles, for example, for nucleon-
nucleon scattering under charge independence in which 
case we have five amplitudes for each value of the total 
isotopic spin. 

A convenient covariant set of amplitudes for the 
nucleon-nucleon problem has been given by Goldberger 
et al.2 The connection between the WA amplitudes (1) 
and the GGMW amplitudes is most easily established 
if we write the covariant amplitudes in the two-com
ponent formalism3 

l ^ E ^ C F r K - U ' F , ) , (2) 

* Supported in part by the U. S. Air Force Office of Scientific 
Research and the National Science Foundation. 

1 L . Wolfenstein and J. Ashkin, Phys. Rev. 85, 947 (1952). 
Referred as WA. 

2 M. L. Goldberger, M. T. Grisaru, S. W. MacDowell, and 
D. Y. Wong, Phys. Rev. 120, 2250 (1960), referred to hereafter 
as GGMW. Our Ai are the same amplitudes as the amplitudes 
Fi of GGMW. 

3 A. O. Barut and B. C. Una! (to be published). 

where A{ are the Lorentz scalar amplitudes, functions 
of the invariant scalar products of the momenta, 

s^(k1+k2y, M & i - £ 3 ) 2 , u^fa-h)*; s+t+u=4t, 

ki and k2 being the physical energy momentum four 
vectors of the two incoming particles and k3 and ki 
those of the two outgoing particles. We use units such 
that nucleon mass is unity. The spin basis F* are given by 

Fi=[(*4-<rft2-*)1/2+(*4-^2^)1/8] 

Y2^-iZ(k,'ay/2(aV-av^)(k2'ay^ 

+ ( f e 4 ^ ) 1 / 2 ( o r ^ - ( T ^ ) ( i f e 2 - f f ) 1 / 2 ] 

+ (A8^)1 / 2(^^-^M)(*i^)1 / aD, 

F 4 « l(h • a) 1/29»(k2 • CT)1/2+ (h • * ) " V(* 2 ' *)1/2] 
® [(A,' <r)1/2*M(Ai' er^'M- (h • *)1/2(rJI(A1 • tf)

1/2], 

Y^l(h'<Tkr&)m-(h'ak2'<ry/22 

®Z(k*-<rkV9y'*-(kr9kv*y'*i. (3) 

Here we use covariant Pauli matrices 

<r"s(J, -<r ) , (rMs(/^r) , a^(I,~<r) (4) 

and the notation k-cr^k^cr^ 
The spin basis P* is obtained from F»- given in Eq. (3) 

by the interchange of k% and kA so that the two systems 
are related to each other by the Fierz matrix 

* i 2_* *• ij*j j 

where 
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4 For the use of two-component spinors and spinor indices of 

the amplitudes see Appendix I of A. O. Barut, I. Muzinich, and 
D. N. Williams, Phys. Rev. 130, 442 (1963). The first factor of 
the direct product refers always to particles 2 and 4 and the spinor 
indices of this factor represents the spin components of these 
particles; the second factor similarly refer to particles 1 and 3. 
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Equation (2) becomes then 

R^Aiil+i-lYThY,. (5) 

With this choice of the basis the Pauli principle can be 
expressed simply by the following symmetry relation 
on the scalar amplitudes 

A/isJ^^i-iy+tA/is^t), (6) 

where / is the total isotopic spin. 
With the help of formula given in the Appendix we 

expand the square roots in Eq. (3) and obtain in the 
center-of-mass frame 

+64(q ,-o-q-c7®q ,-(rq-cr)], 

F 2 = — 4[aV®^-~a252(<7i®q/«tr(rt-q«cr+q/«cr(7*q'(r®<Ji 

+<7iq«c®(Tiq»€r+q/'ff0-i®q/'<T(7»—<7*q-a®q/*<rcr1; 

— q' • (ra1® crt-q • or)+h\ f • crĉ q • <r® q' • ennq • cr], 

F3=4[a2Z>2(q'Gf®q'cr+q /*or®q / 'or+q»cr®q /«a 

+q'«o-®q*(T—cr^q'-cro-^q-cr—q'-crorHj-cr®^) 

— aV®cri—&4(q,«cf(7*q«cr®q/'cro-iq*or)], 

F4=4[a2^2(6®q,-o-q«crH-q/-crq'0®5—o-*q-o-®(Tiq«cr 

—^•0ai®q[*V(Ti—o-iq»o,®q/*o,(ri—q'-GTo-^oriq-o*) 

+aid®8+bA(qf'vq-0®q''<r(l'v)']> 

F 5 = -4a2&2(q-0®q-cr+q'-cr®q'-cr 
~q-cr® q^o—q'*cr®q'*cr) 5 (7) 

where 

a = ( l / v 2 ) ( E + l ) 1 / 2 , £ = ( l / v ^ ) ( E ~ - l ) i / 2 . (8) 

If we insert Eqs. (7) into (5) and collect terms 
together we can write the R amplitude in the form 

R^A8®8+B(8®v+o®8)'ii+C(o'i®<Ti-\) 

+E<r-K®<r .K+F(r .P®a-P , (9) 

which is exactly of the type of Eq. (1) and we find for 
the coefficients 

A = - 4 T 1 I ( £ 2 - 1) cos0+4,42[CE~ I)2 cos20+2E] 

- 4 ^ 3 ( £ 2 - l ) c o s 0 + 4 ^ U [ ( £ - l ) 2 cos 2 0+2E] , 

E - ~ 2 ^ i ( E 2 - l ) + ^ 2 [ 2 ( E ™ l ) 2 c o s < 9 - ( £ 2 - ~ l ) ] 

- 3 v 4 3 ( £ 2 - l ) + ^ 4 [ 2 ( E - l ) 2 c o s 0 + ( £ 2 - l ) ] 

+Ab(E*-l), 

C**-A£(E*~1) cos<9+(E2+l)] 

+2 .4 2 [ (E--1) 2 c o s 2 0 + ( E 2 - l ) c o s 0 + ( 2 £ - l ) ] 
- 2 ^ 3 [ 2 ( E 2 - 1 ) c o s 0 - ( 2 E 2 + l ) ] 
+ 2 , 4 4 [ ( E - 1 ) 2 cos 2 0-~E(E-2) ] 

~ ,4 5 [ (E 2 - -1) c o s 0 + ( E 2 ~ l ) ] , 

E = ^ 2 [ ( E - l ) 2 ( l + c o s i 9 ) - ( E 2 ~ l ) ] - 3 ^ 3 ( E 2 - l ) 

+ ^ 4 C ( E - l ) 2 ( l + c o s 0 ) + ( E 2 - l ) ] - ^ 5 ( E 2 - l ) , 

( 1 - C O S 6 > ) 2 E - ^ 2 C ( E 2 - 1 ) ( 1 - C O S 0 ) - - ( E 2 ~ 1 ) ] 

+ 3 ^ 3 ( E 2 - l ) + ^ 4 [ ( E - l ) 2 ( l - ~ c o s 6 i ) + ( E 2 - l ) ] 

+ , 4 5 ( E 2 - 1 ) . (10) 

These are the desired relations between the nonrela-
tivistic amplitudes A, B, C, E, and F and the relativistic 
amplitudes A i to Ah. The coefficients involve only E and 
cos#, both invariant quantities under rotations. 

[Note added in proof. Because the scalar amplitudes A i 
in (2) are free of kinematical singularities, they can be 
considered constant at threshold; Eq. (10) gives then 
threshold behavior of the full amplitude.] 

The evaluation of certain quantities are much easier 
in the form (1) than (5). For example, for the polariza
tion of one outgoing nucleon 

we obtain 
P 3 - t r ( £ V ^ ) / t r ( i W Q , (11) 

P^2n3¥LeA*C/[\A-B\*+3\B\* 

+sin20( | C1 2 +8 sin2J<9 ReB*F) 

+ 1 6 sin4 |0( | E 1 2 + 1 F | 2 sin40+J Re£*E csc2i0)] 

which can be easily rewritten in terms of the relativistic 
amplitudes by substituting the Eqs. (10). 

APPENDIX 

The covariant Pauli matrices satisfy the relations 

The Hermitian square roots (k-o)in can be expanded 
as follows 

(&^ M ) 1 / 2 =a+Sa-q, 

(^<jM)1/2=a--&<r-q, 

where the coefficients a and b are given in the text by 
Eq. (8). For the direct product of tensors of Pauli 
matrices and momenta we have used the following 
identities: 

tr(<xj<Tk) = 28jk', tr(o-j(Tk(n) — 2iejki, 

(1) q'-crq-tf-q/'q+i(q':x;q)-<r, 

(2) 5®q /*crq*a+q /-crq-(r®5=2q /-q5®5+i(6®flr+a®5)-ii, 

(3) q^crq*cr®q>-crq-a==(q/-q)25®6+q>'«qt(5®cr+<T®5)*n--n-cr®n-cF, 

(4) o-iq-cr®o-4-q-cr+q/-oro-t'®q/-<T(r1-=— 2q2(5®5+o-i®(rt-)™-q-or®q«cr— q'-cr®q /-<r--2i(5®cr+o'®5)-n, 



B1358 A. O. BARUT AND M. S A M I U L L A H 

(5) q/-<Fa*®<ri-q-or+cr<q-a®q/*cF<r1-=— 2q'«q(5®<5—<Ti®ai)+q'a®q,'a+q''<r®q'o—2i(8®Q+{r®8)*n, 

(6) o-i®q/«<T(7,-q«cr+q/«o'(rt'q'0'®(rt-=— 2q«o,®q/«o— 2q/-or®q«or—2q/«qcrt'®(rl«+t(5®<F+op®5)«n, 

(7) q/-(T(T{q-(jr®q/*o,o-iq-(r==— g2(q''or®q /«or+q«<r®q«cr)+q /«q(q-a®q /«or+q /«o'®q-op) + 5 ® ^ 4 + i q / - q 

X(c r®5+5®cr )^ - (q / . q ) 2 5®6+(q / -q ) 2 (7 i ®o- z -

l r o -P®o-P -i 
(8) q/-(r®q/-a+q-er®q.op=- hr*K®cr*K , 

2L(g2-q ,.q)2 J 

l r o -P®a-P -i 
(9) q/-cr®q-or+q-(r®q/-o'=- a-K®a«K , 

2L(q*-q'- q)2 J 

l a . P ® a - P 
(10) <f .n®o-n=- [g 4 - (q ' .q ) 2 > i ®^ h(q2+q'-q)vK®tr'K. 

2 fo»-q'-q) 
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Breaking of SU(3) invariance is studied in the case of the meson-baryon decuplet with / p = § + . In a 
simple theory based on single-baryon exchange, the evolution of the broken decuplet from a degenerate origin 
is traced in detail. Symmetry breaking is introduced by allowing initially degenerate meson and baryon 
masses to approach continuously their physical values, while obeying at every stage the Gell-Mann-Okubo 
sum rules. The following conclusions are reached: (i) The Okubo equal spacing rule for the decuplet levels 
follows from the validity of the Gell-Mann-Okubo rules for the meson and baryon octuplets. (ii) The main 
effect of the symmetry breaking may be characterized as a mixing of the 10- and 27-dimensional representa
tions. The mixing is small enough so that the resonances can be unambiguously associated with the 10 repre
sentation, but at the same time large enough to imply coupling-constant ratios differing appreciably from 
the values for pure symmetry, (iii) In the approach to pure symmetry through reduction of mass differences, 
there are no difficulties of the type pointed out by Oakes and Yang. Resonances cross thresholds smoothly, 
and a degenerate decuplet of bound states is obtained in the limit. 

1. INTRODUCTION 

MESON-BARYON resonances with / p = f + have 
been assigned tentatively1 to the (3,0) decuplet 

representation of the group SU(3).2 The resonant states 
in question are N3/2* (1238 MeV, r = f , F = l ) , Yx* 
(1385 MeV, T = l , 7=0) , E1/2* (1530 MeV, r = £ , 

* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

*R. E. Behrends, J. Dreitlein, C. Fronsdal, and B. W. Lee, 
Rev. Mod. Phys. 34, 1 (1962); S. Glashow and J. J. Sakurai, 
Nuovo Cimento 26, 622 (1962); M. Gell-Mann, Proceedings of the 
1962 International Conference on High Energy Physics at CERN, 
edited by J. Prentki (CERN, Geneva, 1962); R. Cutkosky, 
T. Kalckar, and P. Tarjanne, Phys. Letters 1, 93 (1962); R. H. 
Capps, Nuovo Cimento 27, 1208 (1963). 

2 M . Gell-Mann, Phys. Rev. 125, 1067 (1962); California 
Institute of Technology Report CTSL-20, 1961 (unpublished) ; 
Y. Ne'eman, Nucl. Phys. 26, 222 (1961). 

Y- — 1). It now appears likely that these states all 
have the correct f+ spin-parity values.3 To complete the 
decuplet, a particle 120 (sometimes called 0_) with 
r==0, Y—~- 2 was predicted. The recent discovery4 of 
such a particle constitutes strong evidence for both the 
decuplet assignment and the general scheme of the 
"eightfold way."2 The discovery is all the more remark
able, since the observed mass (1686±12 MeV) of Oo 
agrees very well with the prediction of the Gell-Mann-
Okubo mass formula.2'5 For the (3,0) decuplet, the 

3 A summary of the experiments and a bibliography is given by 
R. H. Dalitz, Ann. Rev. Nucl. Sci. 13, 339 (1963). 

4 V. E. Barnes, P. L. Connolly, D. J. Grennell, B. B. Culwick, 
et at., Phys. Rev. Letters 12, 204 (1964). We prefer the notation 
120 to 12_, since the isotopic spin has been used as a subscript for the 
other decuplet states. The ft0 notation appears also in Ref. 7. 

6 S. Okubo, Progr. Theoret. Phys. (Kyoto) 27, 949 (1962). 


